We theoretically examine the behaviour of Cherenkov radiation in a lossy, dispersive and resonant medium when emission is assisted by an external electromagnetic field. Under the appropriate coherence conditions for Cherenkov emission, we anticipate a large increase of the emission yield at resonance. Our predictions are implemented by numerical estimates for cuprous oxide (Cu20 [3] . The study of such an effect was further extended to other condensed m edia where the em ission o f Cherenkov radiation turns out to be a very small fraction o f the total energy lost by a fast charged particle [4] . The loss o f the incident particle energy is in fact m ainly due to the ionization and to the excitation of the polarizable medium, however the small loss associated with the emitted Cherenkov radiation can be singled out from the particle total loss through the m edium [4] [5] [6] .
A charged particle m oving above a critical velocity in a transparent m edium emits an unusual type of radiation which was first observed in liquid m edia by Cherenkov [1] and Vavilov [2] and later interpreted by Frank and Tamm [3] . The study of such an effect was further extended to other condensed m edia where the em ission o f Cherenkov radiation turns out to be a very small fraction o f the total energy lost by a fast charged particle [4] . The loss o f the incident particle energy is in fact m ainly due to the ionization and to the excitation of the polarizable medium, however the small loss associated with the emitted Cherenkov radiation can be singled out from the particle total loss through the m edium [4] [5] [6] .
It is the purpose o f this work to investigate the ef fect of an external electrom agnetic field on the energy lost by fast electrons in a resonant medium. In par ticular, we predict that under appropriate coherence conditions, the presence o f an external laser field in duces qualitative as well as quantitative modifications of the Cherenkov em ission.
We start by giving an expression for the electro magnetic field em itted by a fast electron crossing the medium. The energy lost by the electron through a thin layer o f thickness L is m uch smaller than its ki netic energy and we m ay neglect the small decrease of the electron velocity (Bom approximation). The c-axis presence of an external laser field am ounts to adopt a suitably dressed form of dielectric function, which 0932-0784 7 0 1 / 0100-0169 $ 06.00 © Verlag der Zeitschrift für Naturforschung, Tübingen • www.znaturforsch.com we take here to be uniaxial [6] , in place o f the one that the m edium would otherw ise have in the absence of the field. The electron is assumed to be a point-charge qt moving with constant velocity v along a direction that is parallel to the optical c-axis, as shown in Fig  ure 1 . Owing to the cylindrical symmetry around the optical axis o f the uniaxial medium, it is sufficient to use transverse Fourier expansions for the fields D(r, t), E (r, t), B (r, t) and H ( r , t) as well as for the free charge density p(r , t) = qe6(x -vxt)6(y)6(z), and for the free current density J ir, t) = qtv b(x -vxt)6(y)6(z).
( 1)
The M axwell equations [7] for these charge and cur rent densities and a uniaxial dielectric tensor char acterized by €||(o;) and (uj) with the optical c axis along x can be solved, and after some lengthy caculation [8] we obtain for the single Fourier com ponent of the electric field inside the slab. (Note that the y and zcomponents o f the radiated field are not required here, as the current has no com ponent in this directions.) c2 V vxe± J qf.
where
Here A : j_ = (kyy+kzz) denotes the transverse com po nent of the em itted wavevector, whereas the frequency dependencies of all dielectric functions are not explic itly shown here. The solution (3) specifically refer to bulk excitations o f both longitudinal and transverse electrom agnetic waves. The energy lost by the electron is the total work done [7] by the em itted electric field on the electron moving within the layer o f volume VJayer and thickness L, i.e.,
W = dr dtRe[J(r,t)]Re[E(r,t)] (5)
j^-^R eJdk L J du; J dx elk*xE kxtU,(x)\x,
where as usual ß = v/c. By further expressing kx in terms of the angle \ between the optical c-axis and the wavevector £ of the excited m ode (in uniaxial m a terials there are ordinary and extraordinary modes of propagation [6] ; only extraordinary modes, however, can be excited by fast electrons m oving parallel to the optical axis)
and by introducing the reduced dielectric tensor
the differential energy loss (6) becom es with the help of (4)
Maxima of this energy-loss function occur at the poles of the imaginary part of (9) . In particular, the poles given by the vanishing of the denom inator of the imaginary part of (9) correspond to the emission of Cherenkov radiation with a coherence condition given by
For frequencies around the medium resonance the imaginary part of the dielectric function £ is typically smaller than its real part in the absence of the external laser field (weak absorption) while for cuprous ox ide (Cu20 ), which we consider below, the difference between the real and imaginary parts becomes even larger when the laser field is on [9] . The condition (10) may then be written as 
For non-absorbing uniaxial m aterials this reduces to the threshold condition,
first obtained by Ginzburg [10] . This threshold de pends directly on the relative dielectric function er which characterizes in turn departures from the threshold velocity for isotropic m edia whereby (13) reduces to the known results ß 2 Re[e] > 1 or ß 2e > 1 for an absorbing [4] or a transparent medium [6] , re spectively. It is here worth noting that for very small veloci ties ( ß -► 0) losses due to Cherenkov emission are absent and (9) reduces to the non-relativistic energyloss function for uniaxial [11] 
q]L cos2 x da; dA:
In particular, the interpretation of early experiments on graphite anisotropies [12] was just based [13] on this result. Like in (9), m axim a occur at the poles of the imaginary part in (14) and correspond to plasmon excitations o f the dielectric medium. The above analysis enables one to characterize the emission o f Cherenkov radiation in correspondence to the m axim a o f (9) and subject to the conditions (11) and (12) . This radiation, however, may be heavily damped in a m edium with nearly resonant absorption lines, and we here discuss the possibility of effec tively increasing the resonant em ission of Cherenkov radiation by applying a suitable external laser beam. We consider as an exam ple the case o f cuprous oxide (Cu20 ) which exhibits "yellow" exciton resonances and which is a prototype m aterial for the study of excitonic transitions in sem iconductors [9, 14] . The dressed form o f the dielectric function in the presence of the external beam depends not only on the external field polarization, but also on the detailed structure of the exciton levels involved and turns out to be in general anisotropic [8] . For the sake of simplicity, we here restrict ourselves to the case in which the external field frequency is tuned to the 1S-2P exciton 1,-2] , the resulting dielectric tensor is uniaxial with the optical c-axis parallel to x and hence exx(oo) = e||(<x>), eyy(cj) = ezz(co) = e±_(u) and € j^(a ;) = 0. A ssum ing that the three r 4_ opti cally active 2P exciton states are well separated from the other ones of the 2P manifold, the uniaxial tensor components ejj and appropriate for this configura tion are A 72P (6 ~ His)
while e||(u>) is obtained by replacing fic -» 2 i? c in the above equation. The Raby frequency Qc is pro portional to the product of the light beam electric field and the dipole matrix elem ent for the 1S-2P transition [9, 14] . The tensor frequency dependencies are here conveniently expressed in terms of the frequency de tuning 6 = uj2p -u) of the radiated Cherenkov energy measured with respect to the 2P exciton transition frequency U2p. Also, A is a numerical constant pro portional to the 2P exciton oscillator strength [14] , Fig. 3 . Threshold condition (11) for the emission of Cheren kov radiation in coherently driven cuprous oxide (Cu20).
In the resonance region (|<5| < 72p) radiation of a given frequency is emitted only for velocities lying above the curves. The electron velocity, in units of c, exhibits the two thresholds vu and vl in the absence of the external field (dash) and vr and vb in the presence of the field (solid). Notation and field parameters are the same as in Figure 2 .
eoo is the background dielectric constant, while 7 1 s and 72p are respectively the IS exciton broadening and the 2P exciton linewidth [9, 14] . Typical values for these param eters are given in Figure 2 .
For the specific configuration given in Fig. 1 the substitution o f (15) and (8 ) into (11) and (9) gives the coherence condition for the em ission of Cherenkov ra diation and the corresponding differential energy loss per unit solid angle and frequency. Figure 2 shows indeed the differential loss (9) per unit length in reso nance region o f the m edium ; since poles of the numer ator o f (9) are absent in this region, loss solely arises from the em ission o f Cherenkov radiation. Such an energy is radiated mainly about a given angle \o for which (9) is m axim um . This angle defines the charac teristic phase cone o f the Cherenkov radiation emitted in the frequency range close to the m edium reso nance. Figure 3 shows instead the electron threshold velocity in the same spectral region. We first observe that for speeds v exceeding the largest threshold vy in Fig. 3 , emission in the presence of the external beam becomes over four times larger than the value it has when the beam is instead switched off. Sec ondly, in the presence of the external field an in creased emission yield appears now to occur at an appreciably lower velocity threshold (vr) for the fre quency slightly above resonance. The reverse occurs for frequencies emitted slightly below resonance, so that upper and lower velocity thresholds appear to be exchanged with respect to the situation o f an isotropic sample (no external field). In this frequency range the difference between the threshold in the absence (vu) and in the presence ( v r ) of the external beam can be as large as 105 m/sec. Thus near-resonant em is sion (|<5| < 7 2 p) exhibits a gap for electron veloci ties in the range between vr and vb■ The "splitting" of the near resonant profile of the threshold velocity in Fig. 3 originates from the "splitting" of the reso nant absorption profile in the presence of the external beam.
In this work we discuss Cherenkov emission in a coherently driven resonant medium. For the spe cific driving field configuration that we exam ine here we observe a nearly one order of m agnitude increase of the resonant emission yield, which would other wise be damped in the absence of the external field, as well as a modification of the emission coherence conditions. These two im portant features are due to the combined effects of weak absorption, strong fre quency dispersion and anisotropy all induced by the external beam.
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